Abstract: This article considers first-principles predictive modeling of carbon nanotube photovoltaic (PV) devices, with the objective being to increase predictive capabilities to the point that systems engineering approaches can be applied. After covering some background, the state of the art in first-principles modeling is reviewed and extended to include the construction of realistic spatial placements of carbon nanotubes within the device during manufacturing and the effects of exciton hopping between carbon nanotubes. Challenges in the construction of improved first-principles models and some promising future directions are discussed.
INTRODUCTION
Photovoltaic (PV) devices directly convert sunlight into electricity. Widespread use of PVs has been hampered by high cost of generating electricity from the commercially available silicon-based solar cells (Umeyama and Imahori, 2008) . Developing lower cost PVs that exhibit high cell performance is of great practical importance for increasing the use of solar energy. PV devices of commercial/scientific interest can be grouped into three generations (Bagnall and Boreland, 2008) . Third-generation devices have an advantage in terms of maximum possible efficiency at the thermodynamic limit compared to that of first-and second-generation devices. Because sunlight contains photons with a wide range of energies from approximately 0.5 to 3.5 V, only about 1/3 of the total energy can be utilized from first-or second-generation PV devices (Conibeer, 2007) . This limit is a result of photons with a lower energy than the optical bandgap frequently not being absorbed and the fact that the excess kinetic energy of "hot" carriers (i.e., photons with higher energy than the bandgap) is often lost as heat through various scattering processes. On the other hand, third-generation PVs can potentially reduce the energy losses associated with the cooling of hot carriers while rendering the absorption of sub-bandgap photons possible through multi-exciton generation (where two or more excitons are produced from a hot exciton created by absorption of high-energy photons), increasing the theoretical efficiency limit (Wang et al., 2013) .
Cost and performance requirements make semiconducting single-walled carbon nanotubes (SWCNTs) attractive photo-absorbers for near-infrared PV applications. SWCNTs are potentially very cheap to manufacture due to their solution process-ability, naturally abundant source materials (carbon), and continuously reducing cost of scalSupport acknowledged from the U.S. Department of Energy and the National Science Foundation. able fabrication and purification (Bernardi et al., 2012) . SWCNTs have widely tunable properties. For example, selective or broadbrand absorption of light spanning from the ultraviolet to the near-infrared can be enabled by combining different types of SWCNTs. This versatility can improve the light absorption efficiency (Arnold et al., 2013) . SWCNTs have one-dimensional (1D) nanowire-like structures that are closely associated with ideal electron and hole transport in organic solar cells (Bernardi et al., 2012) . Experimentally, SWCNTs demonstrate superior exciton and free carrier diffusivity and mobility, have exceptionally large absorption cross-sections, and are resistant to oxidation by water and oxygen (i.e., relatively stable) compared to other promising organic and inorganic PV materials (Bernardi et al., 2012) . SWCNTs can be combined with other materials and nanostructures to produce unique heterostructures with beneficial and potentially unexpected properties (Wang et al., 2013) .
Single-walled nanotube (SWNT) PVs with 0.01-1.7% external quantum efficiency have been reported using single (Jain et al., 2012) , mixed semiconducting (Bernardi et al., 2012) , and mixed semiconducting and metal chiralities (Arnold et al., 2013) in a variety of configurations including bulk (Bernardi et al., 2012) and planar heterojunctions (Jain et al., 2012) . Polymers (Ren et al., 2011) and fullerenes (Jain et al., 2012) have been used to enable exciton dissociation and/or co-photoabsorption. Despite this progress, the observed device efficiencies are lower than that of their silicon counterparts and far below the theoretical limit. Moreover, even basic questions of suitable/optimal device properties and configurations, such as nanotube chirality, density, orientation, and film thickness, remain unanswered due to the complex system dynamics.
This article considers first-principles modeling of carbon nanotube PV devices suitable for the analysis of performance and in determining optimal device configurations and properties, and points out needs that can be addressed by the process systems community. Section 2 describes the devices and the physical processes that must be captured in the model. The modeling of carbon nanotube PV devices is reviewed in Section 3. Extensions to include the effects of three-dimensional carbon nanotube placement on operating efficiency within a PV device, as well as challenges and ideas for future directions, are described in Section 4.
PROCESS DESCRIPTION
In organic PV devices, the three major processes associated with converting sunlight to electrical power are (1) Light absorption: Absorption of sunlight photons in an photoactive layer to form excitons, (2) Exciton transport: Migration, and subsequent dissociation, of excitons at an interface (e.g., donor-acceptor heterojunction or charge-collecting electrode) to form free electrons and holes, and (3) Free carrier transport: Movement of free electron and holes toward their respective electrode to yield a photocurrent in an external circuit.
These processes behave according to the system and device geometry under consideration. The interest in this work is in carbon nanotube PVs with geometries similar to that shown in Fig. 1 , which represents a network of intersecting (virtually 1D) SWCNTs. These tubes can be in contact with a variety of conduction and valence band chargecollecting electrode configurations including those where an electrode acts as a co-photoabsorber (e.g., fullerenes). As such, the overall device description can be broken down into four connected blocks. First, the geometry and properties of the device must be specified a priori (termed the geometry problem). Next, system inputs (e.g., sunlight power entering the device) must be specified and, finally, these inputs pass through the light, exciton, and free carrier processes (described above) producing some outputs of interest (e.g., current, external quantum efficiency).
The relevant physics, known to date, within these blocks are described below. The light, exciton, and free carrier processes depend on each another and cannot be solved independently unless certain phenomena are neglected.
Geometry of the Three-dimensional Nanotube Network
The geometry problem defines the space on which the various physical phenomena occur, and consists of all relevant configurational and material information decided upon by the maker of the device. A large network of interconnected nanotubes on the device scale can be complex to describe mathematically, which is further complicated by the fact that SWNT commonly bundle together, resulting in an arrangement that has different properties than the individual tubes. Even unbundled SWNT can have significantly heterogeneous films with large variation in film density at the micron scale (Bellisario et al., 2014) .
Light Absorption
The conditions of the sunlight (e.g., intensity, orientation) are inputs to the system and can only be manipulated via the geometry and location of the device. As such, the concern is how the sunlight is affected after entering the PV device. The ways in which light can be transformed inside a nanotube-based PV device are (1) Photon absorption: Photons can be absorbed by the nanotubes (dependent on their absorption cross-section) or by any co-absorber to generate excitons. (2) Photon emission: Excitons at the nanotube bandgap can relax by radiative decay and emit a photon through fluorescence/photoluminescence. The photon will have energy equal to that of the bandgap and will be emitted in a direction perpendicular to the nanotube, which affects both the wavelength and propagation direction of the light. (3) Scattering: The nanotubes can deflect light without absorption, causing the light to deviate from a straight path within the device. Rayleigh scattering, which is elastic light scattering by particulate matter much smaller than the wavelength of light, is likely the main scattering source by SWNTs.
Exciton Transport
The absorption of light produces excitons, which are locally bound electron-hole pairs held together by the electrostatic Coulomb force (electrically neutral quasiparticle). The processes that can occur to an exciton inside a nanotube PV are (1) Generation: Excitons are generated by absorbed light. The energy of a created exciton is at the energy of the photon that was destroyed, which can lead to "hot" excitons at energies above the bandgap. These hot excitons nonradiatively decay to the bandgap with exponential probability and a time constant on the order of 10 fs. (2) Diffusion: Excitons are capable of "diffusing" along IFAC DYCOPS-CAB, 2016 June 6-8, 2016 . NTNU, Trondheim, Norway the length of the nanotube. (3) Quenching: Excitons can be quenched by local impurities providing nonradiative decay pathways, by excitonexciton annihilation (EEA) where one exciton is annihilated upon collision of two excitons, by the ends of the nanotubes, and/or defects in the nanotube sidewall. (4) Radiative decay: Excitons have a probability of radiatively decaying with every time step. When excitons decay, they emit a photon at the bandgap energy and in a direction perpendicular to the nanotube axis. (5) Hopping between nanotubes: Excitons can hop between nanotubes in close proximity. Theory related to Förster resonance energy transfer predicts this dependence to be inversely proportional to nanotube separation distance to the sixth power. (6) Dissociation: Excitons can dissociate into free carriers at favorable interfaces (e.g., heterojunctions or electrodes). The dynamics of this dissociation are still not well understood and are under consideration by researchers in the field. Excitons can also spontaneously dissociate in an electric field stronger than the binding energy.
Free Carrier Transport
The dissociation of excitons generates free carriers (electrons and holes) that create a current by moving through an external circuit to power a load. The processes that can occur to free carriers inside a nanotube PV device are (1) Transport: Free carriers are driven apart by the electric field and transported to the electrodes. Once the electrons and holes reach their respective electrode, they must migrate to the electrical contact such that they can move through the external circuit.
(2) Recombination: Electrons and holes can interact and recombine via mechanisms such as Shockley-Reed-Hall and Auger recombination due to the fact that they are oppositely charged. The faster the electrons and holes move away from each other, the more efficient their separation will be, resulting in higher efficiency.
CURRENT STATE OF THE ART
To provide background and to place the new results and discussion in Section 4 into context, below is a summary of the state-of-the-art in modeling of the operation of carbon nanotube PVs (Bellisario et al., 2014) .
Mathematical Model
A network of SWNTs sandwiched between two electrodes (treated as semi-infinite plates) is considered (Fig. 1) . Incidence solar flux J 0 (ω) enters the device at z = 0 perpendicular to the x-y plane. The electrodes are treated as exciton dissociation interfaces and the bottom electrode is treated as reflective. A nanotube network is defined as a set of individual (rigid rod) tube parameters including position, length, orientation, and chirality. The center of a single tube is located at r c relative to an arbitrarily chosen origin while the length l and orientationl (θ, φ) form a spherical coordinate vector l (l, θ, φ) such that the ends of the tube (relative to the origin) are at r c ± l. The chirality of the nanotube is denoted c (n 1 , n 2 ) where n 1 and n 2 are chiral indices. Therefore, the properties of the nanotube network can be defined as the set N {r c , l, c} for all tubes within the network.
The single nanotube properties are treated as random variables, deriving the network behavior from single nanotube physics as a function of those properties, and integrating the equations over the distribution of properties that define the network. This procedure yields the below set of equations (shown for monochiral films, the extension to multiple chiralities is given by Bellisario et al. (2014) ).
The light problem can be described by
where J v (ω, |z) denotes the irradiance distributed over frequency ω and linear polarization at position z, and N (ω, |z) denotes the photon absorption rate per volume distributed over ω and given by
where ρ l denotes the length density of SWNTs in the film (equal to number density of SWNTs multiplied by the average length of SWNTs) and σ l denotes the absorption cross-section normalized per unit length. By integrating (1) over ω and , the total photon flux J v (z) and the total photon absorption rate N (z) can be computed.
Excitons are modeled by
where c is the exciton concentration,
, θ is the random variable describing the orientation of nanotubes, D l is the longitudinal exciton diffusion coefficient on a single tube, γ I represents the sparsity influence of nanotube bundles on orthogonal diffusivity (γ I → 0 for a fully-bundled film), D EH,I denotes the orthogonal diffusivity at interconnects, b c denotes the bundling coefficient (i.e., length fraction of nanotubes in bundles), D EH,b denotes the diffusion coefficient in a bundle orthogonal to the longitudinal axis, k Γ denotes the radiative decay rate constant, k EEA is the EEA rate constant, k im denotes the impurity rate constant of type im (e.g., oxidative agents), n im is the number of impurity contacts per length of nanotube, k end is the endquenching rate constant, and c end (z) is the distribution of nanotube ends in the film.
The exciton concentration in the device c(z) can be computed by solving an integrated version of (3) over the relevant distributions with N (z), computed from (1), supplied as an input. The device is assumed to be at steadystate and the appropriate choice of boundary conditions depends on the type of electrodes considered.
The free carrier populations are modeled by
where f e (f h ) denotes the electron (hole) non-equilibrium populations, D e (D h ) denotes the electron (hole) diffu-IFAC DYCOPS-CAB, 2016 June 6-8, 2016. NTNU, Trondheim, Norway sivity, µ e (µ h ) denotes the electron (hole) mobility, k e−h denotes the electron-hole recombination rate constant, and E denotes the electric field that satisfies Poisson's equation
where q denotes the elementary charge and denotes the permittivity of the film.
Equations (4) and (5) are solved subject to generation boundary conditions from exciton dissociation at one electrode and a Robin boundary condition (due to charge extraction) at the opposite electrode. The electric field is governed by (6) where the intrinsic bias across the film due to mismatched electrode work functions serve as the boundary conditions to (6). The short-circuit current and external quantum efficiency can be computed from the resulting carrier fluxes at the electrodes.
Model Predictions
The first-principles model has been used to draw some conclusions about optimal device design in terms of the nanotube orientation, packing density, defect density, and nanotube length. An optimal film thickness T can be determined that decreases with density, impurity concentration, and the component of in-plane alignment in order to balance light absorption with the exciton diffusion length. Such devices are characterized by a minimum optimal thickness at close-packed density. The model predicts that devices at densities lower than that at close-packed have an optimal thickness that can be determined by a powerlaw expression in terms of the closed-packed density and the mean nantube length.
The model also predicts that nanotube alignment angle (e.g., vertical, horizontal) balances intra-nanotube exciton diffusion much faster than inter-nanotube exciton diffusion with higher axial (versus radial) absorptivity. Therefore, according to the model, devices with vertically aligned flims at sufficiently high densities are favored since they maximize exciton transport. However, as density is lowered (< 10% of close-packed) a second local optima emerges at an alignment angle in between vertical and horizontal representing a compensation for decreasing light absorption.
Assumptions and Model Limitations
Many assumptions and approximations were made in the derivation of the model. Absorption is the only lightmatter interaction considered in the photon balance, neglecting scattering mechanisms and radiative decay of excitons. This assumption decouples the light problem from the exciton problem, leading to simpler computation but with lower accuracy. Equilibrium charge transfer at the interfaces of the nanotubes were neglected in both the exciton and free carrier transport problems. In reality, Schottky barriers/band bending likely occurs at the contacts of the nanotubes, which can have a large effect on inter-nanotube transport (Topinka et al., 2009) . Similarly, this model neglects coherent delocalization of excitons in nanotube bundles (i.e., an exciton can exist on multiple tubes within a bundle at the same time) that could substantially increase the exciton diffusion length in bundles (Crochet et al., 2011) .
Free carrier transport in the nanotube network is not accurately represented. Geometric effects on film charge mobility and diffusivity as well as charge transfer at the interfaces of nanotubes can block or trap charges. Asymmetric electron and hole generation rates at the two electrodes along with slow mobilities can lead to an electric field that feeds back to the exciton dissociation problem and/or drive spontaneous in-film dissociation when the field strength exceeds the exciton binding energy (Topinka et al., 2009) . Also, free carrier mobilities can be affected by the carrier densities (Zhao et al., 2009) , and charge transfer could occur at inter-nanotube contacts. These effects are neglected, which decouples the exciton and free carrier problems such that the exciton problem can be solved independently for the generation rate of free carriers. As a result, this model cannot make accurate quantitative predictions of device efficiency.
The film is assumed to satisfy 'macroscopic homogeneity' such that every slice of the device has the same distribution of properties at a certain length scale. As such, the model is valid for densities above the percolation threshold and excludes porous films or films with any clusters of properties such as density, length, chirality, or orientation.
NEW MODEL FOR NANOTUBE PV DEVICES
This section describes extensions in the modeling of carbon nanotube PV devices, and suggests directions for developing models for systems engineering purposes.
Spatial Heterogeneity of Carbon Nanotubes in a Film
No non-destructive experimental method exists for exactly measuring the spatial location of all of the carbon nanotubes in a PV device, so we have developed stochastic algorithms to generate 3D geometries that would match the measured statistics of 3D geometries collected for previous PV devices (whose measurements resulted in their destruction). An example algorithm is
(1) Specify the number of carbon tubes in the network to be N , and generate a random endpoint for all tubes in the network denoted by
(2) Generate a second random endpoint for the first tube in the network (denoted b 1 ∈ R 3 ) such that the position of the first tube is defined by (a 1 , b 1 ) (3) Set i = 2 (4) While i ≤ N (a) Generate a random point on the (i − 1) th tube:
th tube and i th tube touch at p i−1 with some random length by selecting the second endpoint of the i th tube to be b i = a i + (p i−1 − a i )(1 + rand) (c) If b i is outside of the specified device dimensions, set its value to the edge where rand denotes a uniform random number. This stochastic algorithm ensures that all tubes intersect with at least one other tube, which is a good assumption for a film manufacturing processes. The stochastic algorithm takes fractions of a second to run and O(N ) memory of storage, with an example geometry generated using the algorithm with N = 500 tubes shown in Fig. 2 . IFAC DYCOPS-CAB, 2016 June 6-8, 2016 Such algorithms can be modified to take into account any experimentally measured properties of the carbon nanotube films, such as nearest or next-nearest neighbor statistics or bundling effects observed during fabrication. Fig. 2 . Example geometry generated for 500 nanotubes.
Light Propagation
Several algorithms can be considered for having more advanced modelling of the effects of light on the PV device, including MIT Electromagnetic Equation Propagation (MEEP), the radiative transfer equation (RTE), and an equation-of-state perspective. MEEP, which implements a finite-difference method for computational electromagnetism (Oskooi et al., 2010) , has been used to model the optical properties of nanowires (Wang et al., 2009 ) but have looked only at very few nanowires, so it is unclear how well the software would model the heterogeneous properties of a large network of nanotubes. The RTE describes the propagation of radiation through a medium subject to absorption, emission, and scattering processes (Chandrasekhar, 1960) . RTE requires the user to define a "phase function" that describes the probability of a photon being scattered in a certain direction Ω given its travelling in a direction Ω . The RTE is natural for handling light in a deterministic way but the heterogeneous properties of the system would make the solution of the RTE very computationally expensive. Another idea for modeling the effects of light on the PV device is similar to an equation of state in thermodynamics. Starting with any one nanotube, define an 'equation of state' that describes how much light that the tube absorbs, scatters, and emits (due to exciton radiative decay) based on the amount of light entering the device. This approach would represent the solution where the device is made up of only one nanotube. Then add another tube and determine the remaining light absorbed, scattered, and emited by the nanotube. Since some of this scattered light will bounce back toward the other nanotube, the solution must be iterated until a self-consistent solution is found. This process would be repeated until all the nanotubes in the network have been added into the device. Although this iterative approach sounds simple, it is unclear whether it is possible to define such an "equation of state" for a nanotube as a function of all its properties. Furthermore, it is not clear what iterative procedure would work best and how to couple such a procedure to the numerical solution of the exciton problem.
Exciton Transport
Exciton transport occurs on each nanotube within the network. For each tube, this transport can be modeled as (Bellisario et al., 2014) 
with the boundary conditions k end c(a) = D dc dx x=a and
, where c is the exciton concentrations, k end is the end quenching rate constant, a and b are the tube endpoints, and G(x) is the spatially-varying generation rate. Rates must be added to these equations to incorporate exciton hopping. The rate should have a very sharp drop as a function of distance, meaning that the rate can assumed to be zero everywhere except the point of intersection as a first approximation. The rate can be assumed to behave according to mass-action kinetics such that the rate law is first order. With these assumption, a first-order term representing the rate leaving the tube at every intersection would be subtracted from (7) and a first-order term representing the rate entering the tube from every intersection would be added to (7).
Transport along each nanotube is 1D according to (7), which means the network of all nanotube equations is still a 1D problem. This way of looking at the problem enables the solution for the exciton number density throughout the 3D device by solving a series of coupled 1D problems. As the second-order diffusion operator is numerically stable, finite difference techniques can be used with a relatively low number of nodes to solve (7) algebraically. Furthermore, the only nonlinearity in the system is the quadratic EEA rate, which can be handled by deriving a sparse analytic Jacobian that allows the iteration of a series of linear problems using Newton's method.
Putting these pieces together results in a numerically efficient and stable solution method for the entire exciton transport problem, which was implemented in MATLAB using different variants of the geometry problem. For example, the exciton concentration profiles for all 100 nanotubes within the geometry in Fig. 3 are shown in Fig. 4 . This solution was computed in less than 0.001 seconds on a laptop with 8 GB of RAM running Windows 7. Efficient methods for computing the nanotube intersections (red dots in Fig. 3 ) have also been explored. Now that tube-to-tube transfer has been included in the exciton transport model, which is an extension of part of the model discussed in Section 3, systems-related questions can be investigated such as what is an optimal input (spatially-varying generation rate) profile and how do the network properties effect exciton dissociation (a key parameter for device performance).
Free Carrier Transport
The free carriers are the most challenging to simulate due to a variety of factors including the coupling between the 3D Poisson equation and the free carrier transport Fig. 3 . Example 2D geometry generated using random endpoints for all 100 nanotubes in the network. Fig. 4 . Exciton concentration profiles for all 100 nanotubes in the device geometry shown in Fig. 3 . Tube numbers are not listed on this plot for simplicity. All 100 profiles (including all relevant effects missing in the current state-of-the-art model such as tube-to-tube transfer) were computed is less than 0.001 seconds.
on the nanotube network through the electric field (with long-range interactions) and the unknown charge transfer effects at inter-SWNT contacts, which have not been defined theoretically or experimentally (Bellisario et al., 2014) . We have started to investigate a more rigorous formulation of the free carrier problem with the hopes of gaining improved quantitative predictive power.
CONCLUSIONS
The main purpose of this work is to bring the emerging application of carbon nanotube solar cells to the attention of the systems community. In this paper, an overview of the state-of-the-art in first principles modeling of carbon nanotube photovoltaic (PV) devices is provided. Some extensions of these models are presented including stochastic algorithms for the construction of realistic spatial placements of nanotubes within the device during manufacturing as well as deterministic models for exciton transport that includes hopping between carbon nanotubes. Challenges in the construction of improved models for light propagation/free carrier transport and some promising future directions are discussed.
